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MORSE HOMOLOGY FOR GENERATING FUNCTIONS
OF LAGRANGIAN SUBMANIFOLDS

DARKO MILINKOVIC

ABSTRACT. The purpose of the paper is to give an alternative construction
and the proof of the main properties of symplectic invariants developed by
Viterbo. Our approach is based on Morse homology theory. This is a step
towards relating the “finite dimensional” symplectic invariants constructed via
generating functions to the “infinite dimensional” ones constructed via Floer
theory in Y.-G. Oh, Symplectic topology as the geometry of action functional.
I, J. Diff. Geom. 46 (1997), 499-577.

1. INTRODUCTION

Let M be a compact smooth manifold and 7p«ps : T*M — M its cotangent
bundle. Consider the space of paths in T*M starting at the zero section

Q:={y:[0,1] = T*M | v(0) € orr}
as a fibration over M, given by
mq: Q— M, mo(y) =7 pm(y(1)).

For a smooth function (Hamiltonian) H : T*M x [0,1] — R the classical action
functional

Ag Q=R
is defined by
1
& Au= [0~ [ HO@.Ha
o 0

where 0 := > p;dg; is the canonical one-form on T*M.
If € is a vector field along v € €2, the first variation of Ay in &-direction is

1
s = [ (56~ . o¢| dr+ o),

where w := —d0 is the canonical symplectic form on T*M. The fiber derivative of
Ap vanishes on the set
dy
Zan ={y€ Q| o o=dH{)},
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i.e. on the set of Hamiltonian orbits in T*M. If ¢ is the Hamiltonian isotopy
generated by H, then it is easy to see that

o1 (onr) = {dAu(v) | v € Sy}

The action functional (1) can be considered as a special case of the following more
general construction. Let m : E — M be a smooth fibration over M with fibers
F.:= 7 Y(x(e)). Let S : E — R be a smooth function such that dS(e) h v*F, for
any e € E, where v*F, is the conormal bundle of F, in T*E. Then

Ys:={e€ E|dS(e) e v'F.}
is a smooth submanifold of E of dimension n = dimM. We define a map
ig:2g —T*M
by
is(e) = (T*m) "L (dS(e)).

It is easy to prove that the mapping ig : g — T*M is an exact Lagrangian
immersion. Moreover,

ig0 = d(S|xy)-

Definition 1. If L = ig(Xg), we call S the generating function of an (immersed)
Lagrangian submanifold L C T*M. If E is a vector bundle and S — ) has compact
support for some non-degenerate fiberwise quadratic form on FE, then S is called
the generating function quadratic at infinity.

The idea of representing Lagrangian submanifolds through generating functions
on a finite dimensional space was used by Hérmander in [9] in calculus of Fourier
integral operators. Chaperon [2, 3] and Laudenbach and Sikorav [10] in the proof
of the Arnold conjecture for Lagrangian intersections in the cotangent bundle used
the method of “broken trajectories” of Hamiltonian paths to construct the generat-
ing functions for certain Lagrangian submanifolds in 7%M as a finite dimensional
version of the action functional (1).

Theorem 2 ([10], [16]). If L C T*M is an embedded Lagrangian submanifold hav-
ing a generating function quadratic at infinity and Ly := ¢ (L) for some Hamil-
tonian isotopy ¢, then there exist a vector bundle Ey and a family Sy : E — R of
functions such that Sy generates Ly for all t. In particular, Hamiltonian deforma-
tion of zero section admits a generating function quadratic at infinity.

The theory of generating functions was further developed by Sikorav [16], Theret
[18], Traynor [19], Viterbo [20] and many other authors. If S : E — R is a generating
function for L C T*M, then the following modifications of S also generate L:

1. Stabilization S: E® F — R of S:
S(g,¢m) = S(g,¢) + Q(n)

for some non-degenerate fiberwise quadratic form @ on F.
2. Gauge equivalence:

S=S0d

for some fiber-preserving diffeomorphism ¢ : £ — F.
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3. Addition of a constant:

S=S+CO

for some constant ¢y € R.

The choice of a generating function for a given Lagrangian submanifold L C T*M
is unique up to these three transformations:

Theorem 3 (Viterbo, [20]). Let S1 and Sz be two generating functions quadratic
at infinity generating the same embedded Lagrangian submanifold L = ¢ (opr) in
T*M. Then, after stabilization, Sy is gauge equivalent to So + ¢ for some ¢y € R.

Note that the after modifications 1.—3. a new .S does not have to be quadratic
at infinity. However, after a gauge transformation which leaves S unchanged on a
prescribed compact set, we can obtain a generating function quadratic at infinity.
More precisely, we have the following

Proposition 4 (Proposition 11 [18]). If Q is a fiberwise quadratic form on E and
S:E — R is a function such that H(%(S —Q)|| is bounded, then for every compact
set K C FE there exists a fiber preserving diffeomorphism ® : E — E such that
® =1id on K and S o ® = Q at infinity. O

In [20] Viterbo developed a rather sophisticated geometric and topological theory
of generating functions by studying deformations of their level sets. For set S of
generating functions quadratic at infinity he defined the function

c: H*"(M)xS —R

and proved that it is essentially independent of the choice of generating function
in the class of normalized functions generating a fixed Lagrangian submanifold.
Furthermore, he applied this theory to

L := Graph(¢) C C" x C"

to construct a biinvariant norm on the Lie group of compactly supported Hamilton-
ian diffeomorphisms in C™. That construction has a number of interesting implica-
tions to the symplectic geometry of C™: the construction of a symplectic capacity,
the construction of a certain biinvariant norm on the group of Hamiltonian dif-
feomorphisms, a proof of the “Camel Theorem”, the existence of infinitely many
periodic points of compactly supported symplectic diffeomorphism in the interior
of its support and others.

The infinite dimensional analogue of Viterbo’s invariants was developed by Oh
[14] by studying the deformation of level sets of the action functional by means of
Floer theory. That construction has some applications to Hofer’s geometry.

In this paper we will give a construction alternative to Viterbo’s, from the point
of view of Morse homology. This is a step towards relating the “finite dimensional”
symplectic invariants constructed via generating functions to the “infinite dimen-
sional” ones constructed via Floer theory (see [11]).

2. MORSE HOMOLOGY

We briefly recall the main points of the construction of Morse homology and
refer the reader to [15] for a detailed description. The idea of this construction goes
back to Smale [17] and Milnor [12] and has been reformulated by Witten [21] and
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Floer [4]-[6]. For a Morse function f on a compact smooth manifold M we denote
by Crit,(f) the set of its critical points of index p and define

Cyp(f) := free abelian group generated by Crit,(f).
Consider the gradient flow generated by the equation

dy
2 - vy
2 - vy,
where V f is defined with respect to the given Riemannian metric g on M. Denote
by M o(M) the set of all v: R — M satisfying (2) such that
g

“+o0 d 2
/ dt < oo.
oo | dt
For a generic choice of a metric, the spaces

M.f7g(x_a$+) ={yeM;q(M)|~(t) — T ast — +oo}

are smooth manifolds of dimension m(z™) —m(z~), where m(z) denotes the Morse
index of a critical point x. Note that

My gz, y) = Wi(x) N Wi (y),

where W7 (y) and Wy'(z) are the stable and unstable manifolds of the gradient
flow (2). For generic g the intersection above is transverse (Morse-Smale condition).
The group R acts on My 4(z,y) by v +— (- +t). We denote

Myg(z.y) = My g(z,y)/R.

The manifolds /(/l\ﬁg(x,y) can be given a coherent (i.e. compatible with gluing
process) orientation o (see [15]).
We define

0:Cp(f) = Cpr(f),

Ox = Z n(z,y)y,

y€ECrity_1(f)

where n(z,y) is the number of points in zero dimensional manifold M 1.q(,y)
counted with the sign with respect to the orientation o. The proof of 0o d = 0
is based on gluing and cobordism arguments (see, for example, [15]). Now Morse
homology groups are defined by

Hzl,vlorsc(f) := Ker(9)/Im(9).

For generic choices of Morse functions f1 and f, the groups Hy(f1) and Hy(f2) are
isomorphic. Furthermore, they are isomorphic to the singular homology group of
M, i.e.

Morse ~ sin
Hp (f) = Hp g(M)

for generic f. We refer the reader to [12] for the proof.

Wherever there is no possibility of confusion we will omit the superscript Morse
in the above notation. Also, we will use the symbol H,(M) to denote the Morse
homology defined by means of some Morse function f : M — R, wherever it is not
necessary to specify f. Furthermore, when it is necessary to emphasize the role of a
particular Riemannian metric g with respect to which the gradient in 2 is defined,
we denote the Morse homology groups by H,(g, f). Finally, when it is necessary to
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emphasize the coherent orientation ¢ used in a definition of a boundary operator
0, we will write H7 (f).
For a later purpose we briefly sketch the construction of isomorphism

3) hag = Hy(f*) — Hy(f”)
for generic Morse functions f<, f2. Consider the “connecting trajectories”, i.e. the
solutions of non-autonomous equation

dy
4 L=y
@ = v
where f;* Plisa homotopy connecting f and f? such that for some R > 0

P = fofort < —R,

% = fffort > R.
For 2% € Crit,(f*) and 2 € Crit,(f?) denote
Mas 4(x*,2”) := {v | 7 satisfies (4) and t_lir_noo'y =z, tlirgo'y = 2P},
As before, M as 4 is a smooth finite dimensional manifold. Now, define

(hag)t = Cp(F*) = Cp(f?)
by
(hap)gz® = Z n(z®, 2%)2P, for 2 € Crit,(f*),
B €Crity (fP)

where n(x®,27) is the algebraic number of points in zero dimensional manifold
M ap 4(z®,2”) counted with the signs defined by the orientation of M jas ,. Ho-
momorphisms (hag)y commute with 0 and thus define the homomorphisms hag in
homology which, in addition, satisfy hagohgy = hay. Proof of these facts is similar
to the proof of 8% = 0 (see [15] for more details).

In the previous construction we fixed the Riemannian metric g on M. If we fix
a Morse function f: M — R instead, we establish the isomorphism

hag : Hy(9%, f) — Hp(g°, f)

between the two Morse homology groups defined by means of two generic metrics
¢® and ¢? in a similar way, by considering the “connecting trajectories”,

d")/ afB

5 — =-V% f.

) - f

Here g;" Plis a homotopy connecting g and ¢g” such that for some R > 0
g™ = g% fort < —R,

gf‘ﬁ =g° fort > R,

and VY is a gradient defined by metric g.

Note that f is decreasing along the trajectories solving autonomous gradient
equation (2). Therefore, the boundary operator 0 preserves the downward filtration
given by level sets of f. In other words, if we denote

Crityy(f) := Crit,(f) N £~ ((—o0, A])



3958 DARKO MILINKOVIC

and
PN . A
C,(f) := free abelian group generated by Crit,(f),

then the boundary operator 0 restricts to

0 CMf) — Cha():
Obviously, 0* 09* = 0 and hence we can define the relative Morse homology groups

H;(f) := Ker(0)/Im(d™).

An obvious inclusion

3%+ Crit) (f) — Crit,(f)
generates the homomorphism

2O Clf)

which commutes with 9, i.e. 0* o j&\ = jﬁ)‘ o 0. Hence, we have an inclusion
homomorphism

G2 Hp(f) — Hy(f).

Following the standard algebraic construction, we define (relative) Morse coho-
mology. We set

C2(f) = Hom(C2)(£), 2)

and
5 CP(f) — CPTH(F), (81a,x) == (a,d )

and define

HY(f) := Ker(6*)/Im(5™).
Since Crit,(f) is finite, for large A we have H)(f) = Hy(f) and HY(f) = H?(f).
Homomorphism j7 yields

HBCP(f) = CR(f), (GRa ) = (a,5}x).
Hence, we have the restriction homomorphism
Jx s HP(f) — HY(f)-
Definition of Morse homology and cohomology with coefficients in arbitrary ring
R is straightforward.
3. POINCARE DUALITY AND COHOMOLOGY OPERATIONS

3.1. Poincaré duality. Let R be aring and let M be a compact R-oriented smooth
manifold of dimension n. We will assume that all homology and cohomology groups
in this section are with coefficients in R. Let f : M — R be a Morse function. The
obvious bijection

Crit,(—f) — Critp—p(f), z — =
gives rise to an isomorphism

[ Cp(=f) = C"7P(f),

Iz = §,, for z € Crit,(—f).
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The correspondence
Uy =g, At) =v(-t)
gives rise to the diffeomorphism
U Myg(y,x) = M_jgg(2,y).

Let o be a canonical coherent orientation of My (M) and let & denote a push-
forward of o to M_y 4(M) by ¥. Then

(6) n,;(x,y) = na(yvx)

where 15, ) (respectively nq(y,z)) is the number of points in the zero dimen-
sional manifold M_; ,(x,y) (respectively My 4(y,z)) counted with respect to the
orientation & (respectively o). Let 95 and § be the boundary and coboundary
operators defined with respect to the orientations o and &. Then

(07ol(z),y) = (D(z),05y)
= S 0y, 2)60s 2)
= no(y, 1)
and
(Tods(x),y) = (0o,2)¥)
= ZTL&(% 2)(62,y)
= ng(z,y).
Together with (6) this proves
IFofs =670l
Therefore, we have the isomorphism
L. Hy (—f) — Hy 7P ().
Denote by
hy « Hy (f) — Hy (—f)

the isomorphism (3). Note that, in general, HZ (f) # HZ (f) (see Example 4.1.4 [15]
or [13]). However, for oriented M, 9, = (—1)PT195 (see Theorem 7.5 [12]) and hence
the isomorphism

Co(f) = Cp(f), z—
gives rise to the isomorphism

T HY(f) = Hy (f).
This gives rise to Poincaré duality isomorphism

PD:=T,0hy ot : HJ(f) — HIP(f).
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3.2. Cup product. The classical cup product
U: H?(M;R)® HY(M; R) — HPT(M;R)

can be defined in Morse cohomology, by considering the graph moduli spaces asso-
ciated to generic triple (f1, f2, f3) of Morse functions on M. For a later purpose, we
only sketch the main points of the construction, referring the reader to [1, 7, 8, 13]
for more details. For a given triple of critical points

(1‘1,1‘2,{,63) S Crit(fl) X Cl“it(fz) X Crit(—f3)
we consider the set M(f1, fa, f3; 21, 22, x3) of paths v := (v1,72,73),
’}/i:[0,00)—>M, i:1727

v3(—00,0] — M

which satisfy

Jim 7i(t) =z,
t—lggloo 72 (t) = T2,
lim v3(t) = s,

71(0) = 72(0) = 73(0).

For generic choice of parameters the set M(f1, fo, f3; 1, 2, 3) is a smooth mani-
fold of dimension m(z3) —m(x2) —m(z1). When m(zs) = m(z1) +m(z2), the zero
dimensional manifold M(f1, fa, f3; 1, Z2,3) is compact. We denote the algebraic
number of its points by n(z1, 22, 23) and define

U(f1, for f3) = Y nlx1,72,23)01 @ 12 ® w3 € Culf1) @ Cu(f2) ® Cu(—f3),

Z1,T2,T3

We define
U: HP(f1) @ H(f2) — HPT(f3)

in the following way. For given a; € HP(f1) and as € H9(f2) we choose their
representative cycles, denoted again by a; and as. Consider the contraction cycle

a1 ®az |V = (a1 ® a2, V(f1, fa2, f3))
S Cn—(p+q)(_f3)

and its dual cocycle
I‘(al ® GQJ \If) S Cp+q(f3).

Now a3 U as is defined to be a cohomology class of I'(a; ® az|P).
If

hePH* () — H*(f7) fori € {1,2,3}
is the isomorphism dual to (3), then

(7) h3? (a1 Uaz) = A7 (a1) U hg” (az).
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3.3. Cap product. Let M be a smooth compact n-manifold. Assume again that
M is R-oriented of some ring R; Morse homology and cohomology groups will be
again with coefficients in R. Let A C M be a closed R-oriented g-dimensional
submanifold and let

a:=[A] € Hy(M;R) and PD(a) € H""%(M;R)
be its singular homology class and its Poincaré dual. We denote
M3y (2,y) = {7y € My4(z,y) | 7(0) € A},

where z, y are the critical points of f such that dimMy,(z,y) = n —¢. By
transversality, ./\/l}“) ,(@,y) is an oriented zero dimensional manifold for generic choice
of A.

By a standard compactness result in Morse theory (see for example [15]), any
sequence i € M}“) ,(@,y) has a subsequence converging to a family

(V') € Myg(a,ah) x - x Mypg(at,a™™h) - x M(a*7 ),
with
(8) m(x) <m(zh) <--- <m(z*t) <m(y)

where m denotes the Morse index. Moreover, since 7;(0) € A, in a neighborhood
of 0 € R 7 converges to some 7y € Mﬁg, which means that

(9) 7€ Mﬁg(xj,xjH) for some j.
By (8) if s > 0, then
m(x?) —m(27t) < n
and hence dim]\/l}“’ g(xj, x9t1) < 0, which contradicts (9). Therefore s = 0, which

4 (x,y). Hence Mﬁg(z,y) is

means that some subsequence of v, converges in My 9

compact, i.e. finite.
Denote by na(z,y) the algebraic number of points in M}“)g(x, y). Let

Ya: Cnogir(f) = Co(f)
be a map generated by

x Z na(x,y)y, for x € Crity_gir(f).

yeCrit, (f)
Note that
povio = o(Suaen)
v
(10) = > nal@y)nly,2)z
and o

Yaod(x) = Pa (Z n(z,y)y

Y

(11) = ZZn(z,y)nA(y,z)z.
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The numbers n 4 (z, y)n(y, z) and n(x, y)na(y, z) are the algebraic numbers of points
in

(12) M3 g(@,y) x My gz, 2) and My 4(x,y) x M7, (2, 2).

From compactness and gluing arguments (see [8, 15] for analytic details) it follows
that the points in (12) are precisely the boundary points of the one dimensional
manifold ./\/lf]i{ (@, 2) and hence they appear in pairs with the opposite orientation.
Therefore, from (10) and (11) we deduce that 14 is a chain map, which gives rise
to the map in homology

(Ya)s : Hpegir (f) — Hr(f).
By similar gluing and compactness arguments we conclude that, if
hap : Ho(f*) — H(f7)
is the isomorphism (3), then
(13) hap o (Ya)s = (a)x © hap().

Example 5. Let us consider the special case ¢ = 0. Take the generator a €
Hy(M;R). The cycle representing a is a point p € M, and PD(a) is the volume
class pupyr € H™(M; R). For generic choice of p € M the unique solution v of

B v9r) =0, 4(0) =p

defines the map
Crit, (f) — Crito(f),
Y(400) if x = y(—00),
v { 0 otherwise

which gives rise to 1. In this case the map

(¢p)s « Hn(f) — Ho(f)
is an isomorphism and

(%)* =ppm M-

(see Proposition 2.6 [5] or Example 2 [1]).
3.4. Cross product. Another classical product in (co)homology, the cross prod-
uct, is also defined in Morse category. We sketch the main points of a definition,

referring the reader to [15] for details. Let M; and Ms be smooth compact manifolds
and

fi: My —R, fo: My —R
Morse functions. Then
f1® fa: My x My — R,

fr @ falz,y) = fi(x) + f2(y)
defines a Morse function on M x N. The set of critical points of f; & fo of Morse
index p is

Crity(f1 @ f2) = | J  Crity, (f1) x Crity, (f2).

p1+p2=p
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The assignment

% 1 Cpy (f1) @ Cpy (f2) = Cprapa ([1 @ f2)
defined by

T1 @ x9 2 (21, 32), for z; € Crity, (fi),

is a chain isomorphism which gives rise to the operation

X o Hp, (f1) @ Hp, (f2) = Hp, 19, (1 @ f2)-
By duality, the assignment

x 1 CP(f1) @ CP2(fo) — OV P2 (f1 @ fo)
defined by

(a x byu x v) := (a,u)(b,v)

gives rise to the operation

X HP(f1) @ HP?(f2) — HPY P2 (f1 @ fa).

4. VITERBO’S INVARIANTS

Let @ be a fixed quadratic function of index k£ on R™ and gg a standard Eu-
clidean metric on R™. Fix a relatively compact open set K C E := M x R™ and
Riemannian metric gp; on M and denote

Spq) ={9: E—=R|[S(z,§) = Q(¢) outside K}
and
Ggnago = the set of metrics on E which coincide with gas @ go outside K.

Morse theory applies for parameters in Sg.q) X Ggpago [15]. Leti: N — M be
a smooth closed submanifold. Denote by Sy the restriction of S € S ) to i*E.
Since S = @ outside K, the set of critical points of Sy is finite. Furthermore, for
a family S} P e S(e,q) and for g € Gy, a4, the solutions of an equation

d a
T VUSTING) =0
which satisfy
+oo d’}/ 2
14 —
(14) /_OO I dt < oo

remain in K (note that all S coincide with the same fixed Q outside K). There-
fore, the construction of Morse homology groups H, (S ) is the same as in a compact
case.

For a Morse function f: N — R we have obvious bijections

@ : Crit(f) = Crit(f & Q), z — (x,0)
and

Mf,gM = Mf@Q»QAI@go’ v = (7 O)'
This gives rise to the chain isomorphism

bp : Cp(f) = Cpar(f € Q), ¢p(z ;) = Z‘P(xl)
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and the cochain isomorphism
& CP(f) = CPH(f & Q), (Bpa, d7y) = (2,y).
Hence, we have the isomorphisms
®, 1 Hy(f) — Hpro(f ® Q) and @7 : HP(f) — H'(f © Q).

Remark 6. Function f & @ does not belong to the space S(p q). However, after
composing f & @ with a fiber preserving diffeomorphism as in Proposition 4 we
obtain the function in §g ). Since the gauge transformation does not change
the Morse complex with suitably chosen metric (see the proof of Lemma 9 below
for more details), we will denote the homology and cohomology groups of the new
function again by H,(f ® Q) and HP(f @ Q). The same remark applies for any
stabilization S ~ S @ Q.

By composing ® with the connecting isomorphisms
hys : Hprn(f & Q) = Hpyr(Sn)
and
his . Hp+k(f69Q) N Hp-l—k(SN)
we obtain the isomorphisms
Ty : Hy(N) — Hpi(Sn), Tp :=hyps o ®p
and
TP : HP(N) — HPR(Sy), TP := 1/ o P,
Note that if
TP Ho(f) — Ho(S%), T - Ho(f) — Ho(S7),
or, equivalently,
T Ho(f) = Ho(g”, 8), T - Hu(f) — Ha(9”, 8),
then hasT® = TP

Definition 7. Let N C M be a closed smooth submanifold. Fix S € §(g q) such
that the restriction Sy is a Morse function.

1. For a € H.(N) we define
c(a,S: N):=inf{\ | Tva € Im(j2) € H}(Sn)}.
2. For u € H*(N) we define
c(u, S : N):=inf{\ | j3T"u # 0 € Hy(Sn)}.
In particular, when N = M we write simply ¢(a, S) and ¢(u, S).

Although in a definition of Morse homology (and hence of ¢(-,S : N)) we use a
certain Riemannian metric, it is omitted from the notation introduced in the above
definition, which is justified by the following

Proposition 8. The numbers c(a,S : N) and c(u,S : N) are independent of the
choice of Riemannian metric g € Gg,, @40 -
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Proof. Choose g%, ¢ € Gy,,e4, and introduce auxiliary invariants c(a, g%, S : N)
and c(u, g%, S : N) defined via g® and ¢g”. Recall that the isomorphism
hap : He(g%, S) — H.(g”,5)
is induced by the group homomorphism
hy : CF(Sn) — CF.(Sn),

(15) hy(z®) =Y n(z®, ")z’

oh
where n(z®, 2%) is the algebraic number of points in the zero-dimensional manifold
M gos g)(x*,2P) of solutions of equation (5) which connect 2* to 2. We compute
the difference S(2%) — S(z) for every ¥ which appears in sum (15), i.e for such
2 for which the set M yas g)(z*,27) is nonempty (n(z,2”) # 0). For any v €
Migor.s)

+oo
S@?) - S@®) = / 5

+oo d
= / dsmd—Zdt

+oo afB d’}/
= Vi S —) o
/ < gt e

_ _/+°° dy
N oo | dt
0.

Here we used (5). Therefore S(z) > S(z”), which implies that h,s restricts to
ha5 : Hi\(ga,S) - Hi\(gﬁa S)v

2
dt

3
95!

IN

and

(16) hag © j2 = 52 © hag.
Assume that 7% € Tm(j), where

T : H.(N) — H.(g9%5).

Then, by (16), hasT € Im(j2). Since hagT® = TF, we have T a € Im(j2) and
hence
c(a, g%, S: N)>c(a, g%, S : N).
Since the above argument is valid for any g%, g°, interchanging the role of g® and
g” we get the opposite inequality and hence
c(a,g*,S: N)=c(a, g’ S: N).
|
In order to consider ¢(a,S : N) as an invariant of the Lagrangian submanifold

generated by S we prove that the transformations in Theorem 3 leave c¢(a,- : N)
essentially unchanged. More precisely, we have the following
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Lemma 9. Let S and Sy be the two generating functions quadratic at infinity that
generate the same Lagrangian submanifold L € T*M . Then there exists a constant
(independent of N ) co € R such that for any a € H.(N) and for any uw € H*(N)

c(a,S1: N)=c(a,S2: N)+co, c(u,S1: N)=c(u,S2: N)+ cp.

Proof. By Theorem 3 and Proposition 8 it is enough to prove that with the suitable
choice of metrics the Morse complex of S does not change after the stabilization S ~»
S®Q and the transformation S ~ So®+ ¢y with a fiber preserving diffeomorphism
® and a constant ¢y € R. The first statement follows immediately from

CP(SN) = Cp+indCX(Q) (SN D Q), MSN,g(E) = MSN@Q»Q@QO (E X Rl)~

Assume now that ® : £ — E is a fiber preserving diffeomorphism. If S € Sg o),
then the transformation S ~ S o ® does not change the Morse complex of S with
the suitable choice of metric, as the following argument shows. Let g; be a metric
in Gy @g, and let go := @, g1 be a push-forward of g;. Then

VI(P*S) = d*(V2S)
and hence if v : R — F is a solution of

dvy

— 4+ VIS =0
pri N(Y) =0,
then 4 := & o ~ satisfies

dA d
Sevrsye) = 1o (S @eivns)

dy
= T& | — g1 g
(dt+v N(’Y))
= 0.

Therefore
MSngl (E) = M¢*5N192 (E)

In particular, there exists a compact set Ky such that all gradient trajectories
(in metric ®,g1) which satisfy (14) remain in Kj. Note that for every negative
gradient trajectory 7 starting at the point z € Crit(S o @) and leaving Ky (i.e. not
satisfying (14))

lim S o ®(y(r)) = —o0.

T—00

Hence there exists a relatively compact open set U; D Ky such that for any such ~
and any 7 € R such that v(7) ¢ Uy

(17) S o®(y(7)) > min{S o ®(z) | z € Crit(S o )}.
Choose a relatively compact open set U D U; and define the metric g3 by
_ (b*gl in U17 _
93 = g1 outside Uj.

Recall that all gradient trajectories which satisfy (14) end at the critical point
of So®. Since S o @ decreases along negative gradient trajectories, it follows
from (17) and the construction of a metric g3 that all gs-gradient trajectories of
S o ® satisfying (14) remain in U;. Therefore

MSN791 (E) = M‘I’*SN793 (E)
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and
Cp(Sn) = Cp(Sy 0 D).

Note that, since VS = V(S + ¢) for a constant ¢y € R, Morse theory also applies
to the functions in

Se,Q) tco:={S+co|S€SEan)}
Hence c(a, S + ¢o : N) is well defined and, obviously,
cla,S+co: N)=c(a,S: N)+cp.
This finishes the proof. O

The following theorem establishes the main properties of c:

Theorem 10 (Compare with [20]). Let N C M and Sy be as before. Denote the
conormal bundle of N inT*M byv*N. Let Lg C T*M be a Lagrangian submanifold
generated by S.

1. ¢(a,S: N) and ¢(u, S : N) are the critical values of Sy .
2. For a,b € H.(N) there exist points xo,xp € v*N N Lg such that

c(a,S:N)—c(b,S:N)=/9

for any smooth path v in Lg connecting x, to xp.
3. The function c(a,-: N): S+ c(a, S : N) from S(g g to R is C°-continuous.
Hence, we can define c(a, S : N) for any (not necessarily generic) S by

c(a,S:N):= Slimsc(a, Sp : N).

4. If S; : E; — R, i =1,2 are two generating functions quadratic at infinity and
S3 .= S'S% . E1 @ Fy — R,

S2(G @ G2) = SH(G) + 5%(¢2),
then
c(luUv,8%: N)>c(u,S": N)+c(v, 5% : N)

for any u,v € H*(N).
5. If N is oriented, then

¢(I'v(a),S: N)=—c(a,—S: N)

where Ty is as in Section 3.1.
6. If M is oriented and connected and p € Hp(M) and 1 € Ho(M) are the
generators of H, (M) and Hyo(M), then

e(u,S: M) >ec(1,S: M)

and c¢(p, S : M) =¢(1,S : M) if and only if S generates the zero section oy .

Statements 5. and 6. in non-orientable cases hold in Zy coefficients.
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Proof. We give a proof of this theorem using the machinery of Morse homology,
motivated by the ideas of [14, 13]. For the proof of analogous theorem by methods
of algebraic and differential topology we refer the reader to the original paper [20].

Since S — @ has compact support, there are only finitely many critical points of
S. In particular,

H;*(Syx) =0and H)(Sy) = H®(SN)

for A large enough. Hence ¢ # oo and thus 1. follows from the definition and the
fact that

Je : HXN(SN) — H2(n)

is an isomorphism if there are no critical values of S in interval [A, A + ¢]. Since
is(Crit(Sn)) = v*NNLg, 2. is a consequence of 1. and the identity ¢560 = d(S|s,).

Now we prove 3. For Morse functions S¢, S? € S(e,q) consider the connecting
homotopy

S = pSP + (1 - p)S* € S(p,0)
where
p:R—R
is a C'*° function such that
1 for7>1,
p(T):{ 0 for7 <O.
Then, we compute S%(2%) — §%(2*) for a pair
(z*,27) € Crit(S*) x Crit(S”)

connected by the trajectory v € Mgas ,(z*,z”). We obtain
+o0 d

S -5 = [ L8
oo dT

+o0 d’7

= [ s R +pE°00) - STl

IA

+oo
—/ (VS (~(1)), Z—ZW + max(S° — §9)

— 00

+oo
= —/ |VS*B (y(7))|?dr + max(S”® — §) (by 4)

< max(S° — §%).

The same estimate holds for any regular connecting homotopy sufficiently close to
S°#. Hence, we have the commutative diagram

HMS®) 2L H.(5?)
b
H*?(SP) 5 H,(SP)
where Ao := A + max(SP — S¢). Therefore, using the definition of ¢ we deduce
(18) c(a, 8% : N) — c(a, S* : N) < max(S” — §%).
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Interchanging the role of a and § we get
c(a,S%: N)—C(a,5° : N) < max(S® — §%) = —min(S” — §%)
and hence
(19) c(a, 8% : N) — c(a, S* : N) > min(S” — §%).
Combining (18) and (19) we get
le(a, 57 : N) —c(a, 5 : N)| < [|S” = 5% co.

To prove 4., we first assume that S, 52, 53 are (after stabilization) defined on
M xR™i fori € {1,2,3}. Further, we extend S and S? to whole E := M x R™1+m2
by

S5'q, & m) = SYq, &) +elnl*, S*(q,&,m) = S*(q.n) +el¢]?,

where [¢|> = Y7 ¢? is the standard norm on R™ and e > 0. Since the stabilization
S ~» S @ Q does not change the value of ¢(-,.S : N), we will prove 4. for S'(q,&,n),
S%(g,€,m) and

(20)
S%(q.&,m) = 5M(q, &) + S%(q,n) (= SM(q.&n) + 5% (q.&m) —e(|€ + nl?)) -
Note that, if

TP : HP*(N) — Hp1+k1(gzlv), TP2 : HP*(N) — Hp2+k2(512\/)

and

TP : HP(N) — HPF(S%), p=p1 +po, k= k1 + ko,
then
(21) TP (wUw) = TP (u) UTP? (v).

Indeed, for S* = f® Q' (i € {1,2}), where f is a Morse function on N, this
equality is obvious since the stabilization f ~ f & @ does not change the Morse
chain complex of f. Furthermore, if

n HPR( @ Q1) — HPH(S))
is the canonical isomorphism, then, by (7)
hOP(TP () UTP2 () = h*P (TP (u)) U AP (TP2 (v))

and thus (21) follows.
Let v = (71,72,73) be the solution of
G = —VS'(),
Am 7 (t) = x1,
m v () = @2,
im y3(t) = w3,

71(0) = 72(0) = 73(0).
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Note that, since all S; are quadratic outside fixed compact set, we have v; C Ky
for some fixed compact set Ky. If we write v1,v72 C M x R™ x R™2 ag ~,;(t) =
(xz(t)vgl(t)a nl(t)) for i € {13 2}7 then

SH(z1) + 8%(w2) — S (zs) = §'(21) = ST ((0)) + §%(x2) — $%(4(0))
§%(x3) + S°(7(0)) + (&1 (0)* + [n2(0)[*)
< emax(lEf + |nf*)
= £1.

Here we used S (71(0)) + $%(72(0)) = 5%(73(0)) + €(|€1(0)[* + [n2(0)[*) (by (20),
since 1 (0) = 12(0) = 73(0)) and the fact that S* decreases along ~;. Therefore,

—SS(ZZ?;;) S —Sl(ilil) — 82(132) +€1.
Assume that
(22) c(u, S* i N) +¢(v,8%: N) > A

and choose A1, Az such that A < A\; + Ay and Ay < c(u, S* : N), Ay < ¢(v, 5% : N).
Choose the cocycles representing U = T*u € H*(SY) and V = T*v € H*(S%),
denoted again by U and V. We have

Ulz) =0, V(y) =0, for z € Crit* (SY), y € Crit*2(5%).
Hence, the only nontrivial contributions to

U VI|U(Sy, 8%, 5%) = Y n(z1,22,23)(U, 21 )(V, 32) 3

@1,22,73
come from the triples (z1, z2, x3) with

—83(x3) < =S8N (1) — S%(x2) 61 < =M\ — Xy + 1.
Therefore

U®V]W¥(Sk,S%,8%) € CoM—reter (g3,
By definition of T' (see Section 3.1), we have
U ® VJ\IJ)|C:1+A2—51(S13V) =0.
Therefore j3__ (T*uUT*v) =0, i.e.
A—¢e; <c(uUwv,S%:N)
for every A satisfying (22). Hence
c(uUv,8%: N)+e; >c(u,S": N)+ c(v, 5% : N).

Letting ¢ — 0 (and hence €1 — 0) we prove 4.
For the proof of 5. we consider the groups

CM(8) = CL(S)/CX(S)
and
Cin(8) := Hom(C:M(S), R).
The boundary operator 0 induces

oM CO(S) — MY ()

p—1
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and

Sy = Hom(5M)) - Cly o (8) = ij; (S).

Hence we can define the relative homology and cohomology groups
A, - A, A,
HM(S) = Ker(9)) /Tm(9),

Hf, ) (8) i= Ker(Fy ) /Im(6f5 ).
Note that, by definition of Ty,
— =X «
F* H£ K )(S)_)H()\,;L)(_S)

with homology and cohomology groups defined with respect to the orientations o
and & as in Section 3.1. The short exact sequences

0— CN(8) = Cu(S) —» CM T (8) =0
and
0— C’E‘)\)+OO)(S) — C*(S) — C'(*_OO)\)(S) —0
generated by obvious inclusion maps give rise to the long exact sequences in ho-
mology and cohomology such that the diagram

Al () BN - A

|

H.(S) I HA(-S)

l l

—,00 I %
HIMNS) =5 HE L (=S)

commutes. By exactness of vertical columns, j3I'.(T.a) # 0 is equivalent to Tia €
Im(j7). Therefore, if A < ¢(I'«(a),—S : N), then =\ > c¢(a,S : N) and thus
A < —c(a, S : N). This proves

¢(Ty(a),—S : N) < —c(a,S: N).
Conversely, if A\ < —c(a,S : N), then, by definition of ¢, T*a € Im(j;?). By
exactness jiI's«(Tx(a)) = 0 and thus A < ¢(T'y(a), S : N). That proves

—c(a,S: N) <c(T.(a),S:N).
This finishes the proof of 5.

In order to prove 6. we first extend the definition of cap product given in
Section 3. Consider a point z € M and the fiber 77'(2) C E. For z € Cp,1(S)
and y € C(S) we define

5.9(2,y) = {v € Msg(z,9) | 7(0) € 77" (2)}.
Consider the evaluation map

Ev: Mg4(x,y) — M,

Ev(y) = m(+(0)),

For a regular value z of Ev MF%  (z,y) is a smooth zero dimensional manifold.
Since all bounded gradient trajectories defined by parameters from S g, ) X Gy @90
remain in a fixed compact subset of E, the compactness of M3  (x,y) follows from
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the same arguments as in Section 3. Hence we can define n,(z,y) as the algebraic
number of points in M%  (z, y) and the map

1/)z : Cn+k(8) — Ok(S)

as the linear extension of the map

r e Y na(ay)y.
B

The chain property of . follows as in Section 3 and thus 1, descends to the map
in a homology, denoted again by

Mar M- Hn+;€(5) — Hk(S)
Moreover, the following diagram commutes:
Hoi(S) "5 Hi(S)

Thaﬁ Thaﬁ
Hon(f ®Q) ™5 Hy(f ® Q)

Ha(f) ™5 Ho(f)

and all the arrows are the isomorphisms. For the lower rectangle this is again the
consequence of the fact that the stabilization f ~ f® @Q does not change the Morse
chain complex of f; for the upper one this is the consequence of (13).

If S does not generate ops, then there exists a point zg € M such that dS(e) # 0
for all e € m=1(29). Since S = Q outside a compact set, that means that

inf VS| =25 > 0.

eemr—1(zo

Hence, there exist an e1-ball U C M with the center at zy and a C' neighborhood
U C Sg,q) of S such that

(23) inf |VSQ| >¢e9>0
HU)

ecm—
for any Sy € U. Let S; € U be a sequence of generic functions such that
(24) @—ﬁm&:&

Choose a generic z; € U(:= B, (20)) which is S--close to zg. Let 7 be a negative

gradient trajectory of S; with 4;(0) € 7= 1(2). By (23) |[VS;(7:(0))] > o > 0. Since
lim VS (v(r)) =0,
there exist 7, € R such that

n(n) ¢ =~ 1(U),
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and thus

Si(i(+00)) = Si(7i(—00))

I
—
+
3
SE
@
2
S
=
ﬂ

/+Tl
0

< —(dist(z, M\ U))?
et

< 2 =

- 4

Hence from the non-degeneracy of cap action we obtain the isomorphism
par -2 Hyy (S) — HY 75 (S)).

Since Ho(M) and H, (M) are generated by one generator, from the commutative
diagram

5N
Hp 4 (S) L Hok(S)
parn: Harn-
jkfz

HY™5(S) == Hp(S)

we conclude ¢, S; : M) —¢(1,8; : M) > . Now 6. follows by (24) and the
continuity of ¢(p, - : M) —¢(1,-: M). |
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